We study in detail a peculiar configuration of the Talbot-Lau matter wave interferometer, characterised by unequal distances between the two diffraction gratings and the observation plane. We refer to this apparatus as the "asymmetric Talbot-Lau setup". Particular attention is given to its capabilities as an inertial sensor for particle and atomic beams, also in comparison with the classical moiré deflectometer. The present analysis is motivated by possible experimental applications in the context of antimatter wave interferometry, including the measurement of the gravitational acceleration of antimatter particles. To support our findings, we have performed numerical simulations of realistic particle beams with varying speed distributions.
I. INTRODUCTION
Inertial sensors for particle beams based on material transmission gratings exist and have been studied extensively (see for example [1, 2] ). Commonly, these devices are moiré deflectometers [3] : two-grating setups operating in the classical regime, with the particles following ballistic trajectories and producing geometrical shadow fringe patterns. The presence of a constant and uniform force in the transverse direction (corresponding to an acceleration a) induces a displacement ∆x ∝ aT 2 1 in the fringe pattern, where T 1 is the time of flight between the two gratings. It is known that the Talbot-Lau matterwave interferometer [4] also possesses the same inertial sensitivity [5] . Unlike the moiré deflectometer, this device operates in the quantum diffraction regime; therefore the properties of the interference pattern depend on the de Broglie wavelength of the interfering particles [6] .
In this paper we aim to investigate the precise behaviour of the displacement ∆x as a function of a and T 1 , in both the classical and quantum regime. More in details, we use the Wigner function formalism [5, 7] to study the statistical interference pattern produced by a general Talbot-Lau interferometer in the presence of an external force. First we recover the result that periodmagnifying interferometers can be realised under the appropriate resonance conditions [8, 9] , and perform a systematic analysis of their features (see section II).
We then proceed to investigate the inertial sensitivity properties of these peculiar setups, which will be referred to as asymmetric Talbot-Lau interferometers. Our analysis of the inertial sensitivity shows that the absolute fringe displacement scales quadratically with the magnification factor in asymmetric configurations. This is discussed in section III.
In a previous paper we discussed the possible exper- * stefano.olivares@fisica.unimi.it imental applications of Talbot-Lau setups in the interferometry of antimatter particles (e.g., positrons and positronium (Ps) atoms [6] ). An interesting development can be the measurement of the gravitational acceleration of neutral antimatter with Talbot-Lau interferometers, as opposed to classical moiré deflectometers [10] . With this application in mind, we compare the standard and asymmetric Talbot-Lau interferometers of the same total length in order to establish whether there is a systematic advantage in using an asymmetric setup, with respect to period magnification and inertial sensitivity (see sections II B and III). In this case we find that the gain in the absolute inertial fringe displacement is effectively limited, and also that the relative displacement ∆x/d 3 (where d 3 is the fringe period) vanishes for high magnification factor . The magnitude of the fringe period instead scales favourably with the magnification factor, which can be a relevant advantage when the experimental resolution is a concern, as it is for example the case of low energy electrons or positrons [6] . For these reasons, the best trade-off when designing an inertial sensor based on a Talbot-Lau interferometer has to be found given the specific properties of the particle beam. The numerical analysis of section IV indicates that asymmetric configurations are useful for this purpose due to their peculiar properties.
II. GENERAL DESCRIPTION OF A TALBOT-LAU INTERFEROMETER
A satisfactory theoretical treatment of grating matterwave interferometers exploits the analogy with classical scalar diffraction theory [6, 8] . This is justified by the formal correspondence existing between the time evolution of the wave function calculated via the Schrödinger equation, and the Fresnel-Kirchhoff diffraction integral [8, 11] for a classical scalar field of wavelength λ = λ(v) = h/(mv), where m and v are the mass and velocity of the particle, respectively.
The Talbot-Lau interferometer, sketched and described in Fig. 1 can operate on incoherent uncollimated beams. This result is known as the Lau effect [12, 13] and originates from the matching of the periodicity of the coherence function generated by the first grating, acting as a pure intensity mask, with the period of the second grating, d 2 [14] . For a general discussion of the coherence properties of particle beams and the coherence requirements of different interferometers see [15] . For our current purposes, it is sufficient to recall that the intensity pattern produced by a fully incoherent beam can be modeled by integrating the intensity distribution of point sources placed on the plane of the first grating [6, 8, 9] . Schematically, the intensity pattern measured at the detection plane is given by
where I Point (x|x 0 , λ) is the intensity pattern produced by a monochromatic point source of wavelength λ = λ(v) illuminating the second grating from the point x 0 . The function T 1 (x) is the transmission function of the first grating [16] . In the case of non-monochromatic beams (as considered in section IV), the intensity pattern I(x) is found by further integrating I(x, λ) weighted by the probability distribution p λ (λ), or equivalently the speed distribution P (v): Figure 1 . General Talbot-Lau setup in the presence of an external acceleration a acting on the particles along the xdirection. The particles travel along the y-axis with longitudinal speed v. Two diffraction gratings G1 and G2 of period d1 and d2 are located on the y = 0 and y = L planes, respectively. The detection plane is placed at y = (1 + η)L, where an interference fringe pattern I(x) with period d3 is formed. The time of flight between the two gratings is T1 = L/v while T2 = ηT1 is the time of flight between G2 and the detection plane assuming an unperturbed longitudinal motion.
The Fresnel integral formalism cannot easily take into account the presence of an external force acting on the interfering particles. We will thus employ an equivalent description of the Talbot-Lau interferometer based on the Wigner function [7, 17] . This approach allows to incorporate a constant acceleration a in a straightforward manner [5, 17] , and has been used to obtain the intensity pattern for symmetric configurations (d 1 = d 2 and η = 1) in the presence of a transverse acceleration [5] . The same theoretical framework has also been applied to the asymmetric setups of our interest (d 1 = d 2 and η = 1), but the external force was neglected [18] . We now present a general calculation that takes both effects into account.
Following [5] and [18] , we introduce the Wigner function phase-space representation of the quantum state of the particle within the interferometer, given its density operator ρ:
We recall that the relevant degrees of freedom are the transverse center-of-mass position and momentum (x and p respectively), whereas the longitudinal motion (along the y-axis in Fig. 1 ) is assumed to be essentially classical. Specifically, uniform motion satisfying t = y/v where v is the longitudinal speed of the particle. This relation links time to the longitudinal space evolution of the interference pattern. Wigner representation turns out to be very useful when the Hamiltonian is at most quadratic in the position and momentum operators, since, in this case, its time evolution has a simple analytical expression [7, 17] . For example for the case of a linear potential of the form V (x) = −x ma, that is one resulting in a constant acceleration a along the x-direction, the Wigner function evolved at time t given the initial state W 0 (x, p) at t = 0, reads [5, 18] :
The intensity distribution at the time t, namely, I t (x), is then given by the marginal distribution I t (x) = W t (x, p)dp.
To describe a Talbot-Lau interferometer, the transformation induced on the Wigner function by the interaction with the gratings is needed. We assume that the action of the latter on the incoming single-particle state ρ = |ψ ψ|, represented by the wavefunction ψ(x) = x|ψ , can be modelled by a transmission function T (x). The wavefunction after the grating is then ψ (x) = T (x)ψ(x), and the corresponding transformation on the Wigner function reads:
where K(x, x 0 ; p, p 0 ) is defined as [18] :
Assuming a complete incoherence of the incoming particle beam, namely, ∆p /d 1 [18] , where ∆p is the variance of the transverse momentum distribution, the corresponding Wigner function after the grating G 1 , defined by its transmission function T 1 (x), reads [18] :
where we denoted with p y = mv the longitudinal momentum, P(p/p y ) is the transverse momentum distribution, and N is a suitable normalization factor. The initial state (8) , first undergoes free evolution for a time T 1 = L/v, governed by equation (4) . The grating transformation (6) is then applied with the transmission function T 2 of G 2 , followed by free evolution for a time T 2 = ηT 1 to obtain the Wigner function at the detection plane:
Upon defining the Fourier expansions of the two functions of G 1 and G 2 , namely:
and
the intensity distribution I(x) ≡ W 2 (x, p)dp reads:
where
are the so-called Talbot coefficients [5] with:
which contains the usual definition of the Talbot length [4, 8] . Notice that the parameter q must be an integer number, and reads:
Finally, it is apparent that the effect of a nonzero acceleration a is to rigidly displace the fringe pattern by the following quantity:
which is proportional to aT 2 1 as anticipated. We fully discuss the inertial displacement in section III.
Being based on the transmission function formalism, this model is very general and can be applied to a wide range of particles and diffraction gratings at G 2 , pure intensity masks as well as phase gratings that alter the phase of the incoming wavefunction. Furthermore, this treatment can also account for a broad range of particlegratings interactions; examples include the van der Waals atom-surface interaction [6, 19, 20] or electrostatic forces for charged particles [6, 21] .
Sufficiently weak interactions in particular result in a reduced effective slit width [6, 19] , that has also been observed experimentally [22] . For stronger interactions, a more general approach beyond the Eikonal approximation [18] can still make use of this formalism. The properties of the general equation (11) are now discussed in detail for the cases of our interest.
A. Features of the interference pattern and resonance conditions
First of all we note that equation (11) , describing the statistical interference fringe pattern in a Talbot-Lau interferometer, is a Fourier series expansion with a magnified period d 3 ≡ ηd 1 . The dependence on the length L only enters through the dimensionless ratio L/L T . The factor η can also be less than unity, however we are particularly interested in the case η > 1, therefore, from now on we will refer to η as the magnification factor. As we mentioned, the properties of the gratings are encoded in the coefficients B l·q (α l ) and A l . For the sake of clarity, we now specialise our analysis to gratings described by the following (single period) transmission function:
where w, z ∈ C are two complex numbers, d is the grating period, and f the open fraction of the grating. This form is particularly convenient since, upon writing the Fourier expansion T (x, |w, z, f, d) = n b n (w, z, f ) exp {i2πx/d}, we have the following analytical expression for the Fourier coefficients:
Partial transparency of the grating substrate together with a possible (constant) phase added could be accounted for by a suitable choice of w and z. However, in the rest of this paper we set w = 1 and z = 0, to describe material gratings realised as open slits in a substrate [22, 23] . The open fraction then corresponds to the ratio between the slit width and the grating period. Furthermore, in the following we drop the explicit dependence of the Fourier coefficients (16) on the parameters (w, z, f ) as the two gratings G 1 and G 2 are assumed to have the same open fraction and transmission properties. Now we look for the resonance conditions of equation (11), i.e., the set of parameters η, d 1 , d 2 , L/L T that maximises the visibility of the pattern. We recall that the visibility or contrast C of the fringe pattern I(x) is defined as
Since the function I(x) is a Fourier series, one can truncate the summation to the lowest orders, and consider the visibility of the resulting sinusoidal function as a good approximation of the actual visibility. This parameter is called the sinusoidal visibility [22, 24] , and for equation (11) it reads:
The constant coefficients A 0 are the zeroth-order Fourier coefficients of |T 1 (x)| 2 , the intensity transmission function of the first grating (for the case z = 1 and w = 0 it coincides with the transmission function itself). Equation (18) suggests the modulus of the q-th Talbot coefficient as a good estimator of the pattern visibility. The requirement that q, defined in (14) , is an integer allows to enumerate different families of resonance conditions as a function of the physical parameters, in particular we focus on the following choices:
We can see that the magnification factor determines the ratio of the two grating periods. The most common standard Talbot-Lau setup (that we will refer to as the symmetric setup) belongs to the case q = 2, and has η = 1,
In the following we will study the interesting properties of the asymmetric setup with q = 1 and η > 1. The value of q determines the relevant Talbot coefficients influencing the visibility, respectively B 1 (α 1 ) for the asymmetric case, and B 2 (α 1 ) for the standard symmetric setup. We now turn our attention to the α dependence of |B 1 (α 1 )| and |B 2 (α 1 )|. The two functions are plotted in Fig. 2 for different values of the open fraction f . The position of the relative maximum of the relevant Talbot coefficient sets the resonance condition on the length. For instance we see that for the B 1 (α 1 ), this always occurs for α 1 = 1, whereas the behaviour of B 2 (α 1 ) is more irregular and depends on the open fraction. Assuming for definiteness that the maximum occurs for α 1 = 1, and using the definition (13), we obtain:
where the periods of the gratings and magnification factor η have to satisfy either of the conditions (19) (or any other combination corresponding to an integer value of q, defined by (14)). Quantum diffraction takes place at the second grating, so in this general configuration with /λ. Furthermore, as a manifestation of the underlying Talbot effect, resonance is possible also at higher integer multiples of L T . This is reflected in the periodicity of the Talbot coefficients in their argument α 1 .
The case of a symmetric setup (q = 2, η = 1, d 1 = d 2 ) with f = 0.5 is peculiar, and does not satisfy the same resonance conditions, since is is evident from Fig. 2 that it achieves a maximum visibility for α = 1. The case f = 0.5 is also critical in the classical case: the visibility of a classical moiré deflectometer with f = 0.5 is exactly zero [3] . It is interesting to see that if an asymmetric setup is employed, all the chosen values of open fraction, including f = 0.5, behave similarly. We will analyse the consequences of this property in section IV.
B. Asymmetric setups and period magnification
In order to study the effect of the asymmetric configuration on the interference pattern, it is useful to start from a specific example. Choosing the resonance condition (19b), interference pattern is given by the general equation (11) . The relevant properties of the interference patterns can be summarised in a carpet as shown in Fig. 3 . This is a two dimensional density plot where each section is the intensity distribution I(x) for a given value of L/L T : the carpet can be scanned by tuning the particle energy (or the de Broglie wavelength) to adjust L T . The behaviour of the visibility is shown in Fig. 4 .
In general, the features of the asymmetric Talbot-Lau setup can be described as follows:
• The maximum fringe period is magnified and given by d 3 = ηd 1 . Fractional revivals are also present and are peculiar of the Talbot effect (see Fig. 3 ).
• The total length is given by L (TOT) = L(1 + η). Imposing the appropriate resonance conditions on the grating periods (19b) yields:
The properties of the two configurations relevant for the calculations to follow are summarised in Table I . (12) to |n| < 20. It is apparent that the shape of the functions |Bq(α1)| strongly depends on the open fraction, and is always symmetrical with respect to α1 = 1. The functions are also periodic, reflecting the properties of the underlying Talbot effect, however, only one period is shown for the sake of clarity. Table I . Summary of the relevant properties L (TOT) and d3 = ηd1 for the symmetric setup (19a) with d1 = d2 = d2,s, and the asymmetric setup (19b) with d2 = d2,a and d1 = (η + 1)d2,a/η.
Symmetric Asymmetric
It is possible to prove that for a given energy (wavelength) and at a fixed total interferometer length, asymmetric configurations allow to maximize the period of the interference fringes with respect to the symmetric setup. If the ratio r = d 3,a /d 3,s is evaluated under the constraint that the two interferometers are of the same total length, namely,
the following result is obtained:
So we see that asymmetric configurations provide a systematic improvement of the ratio d 3 /L (TOT) that scales well with the magnification factor. This can be of interest experimentally for a variety of cases [6] . Magnifying configurations have been actually realized for low energy electrons [25] , using however different resonance conditions and an extreme (η = 100) magnification factor, so that the observation plane was effectively in the far field of the second gratings. As a matter of fact that configuration requires different coherence conditions than the Talbot-Lau interferometer and is referred to as a Lau interferometer [15] .
III. INERTIAL SENSITIVITY AND APPLICATIONS
Now we turn our attention on the inertial sensitivity of Talbot-Lau interferometers. In section II, we determined that the displacement of the pattern induced by an external acceleration a is given by Eq. (15) . This is a generalisation of the result from [5] that allows for gratings of different periods and a magnification factor η. If we set η = 1 we obtain the ∆x| η=1 = aT 2 1 , which is the well known displacement law for the the geometrical shadow pattern in a moiré deflectometer due to the same effect [3] . This correspondence will be fur- (11), also as a function of the de Broglie wavelength which varies along the y-axis. For definiteness we set realistic parameters for low energy electrons: d2 = 1 µm, d1 = 4/3 d2, η = 3, L = 0.11 m and f = 0.3. This choice satisfies the asymmetric resonance conditions for 10 keV electrons. As predicted we see the main interference fringes appear at L/LT = d1/d2 and have a magnified period d3 = ηd1. We inserted real physical scales for clarity, but we note that only the adimensional ratios L/LT and d1/d2 appear in (11), so our plot shows the general form of the Talbot carpet for the η = 3 configuration with f = 0.3 material gratings.
ther discussed, also in the asymmetric configuration, in section III A.
The displacement (15) is quadratic in the magnification factor η. This is an interesting property that might be of great help in those experimental situations where the total length of the setup is limited by the properties of the interfering particles. For example if they have a finite lifetime [6] , or need to propagate in vacuum, under shielding from stray fields or in a cryogenic environment [6, 26] . An interesting potential application for a Talbot-Lau inertial sensor is the measurement of the gravitational acceleration g of the positronium atom. In this situation all the experimental complications we mentioned are in effect.
It is apparent that at a fixed total length L (TOT) = L(1 + η), increasing the asymmetry factor η also reduces T 1 , and the dependence on both parameters of ∆x is quadratic. For this reason we apply the same reasoning of section II B to find if there is a systematic gain in the inertial displacement from symmetric to asymmetric setups of the same length. Now we evaluate the displacement per unit interferometer length, namely: Figure 4 . Visibility of the interference pattern of Fig. 3 , in the neighborhood of the main interference peak, calculated with equation (17) . The maximum occurs at L/LT = d1/d2, as predicted in section II. Note that the shape of the peak differs from the plots of Fig. 2 . Those curves are proportional to the sinusoidal visibility, which is only an approximation, while here there are contributions from higher orders of the Fourier series (11) .
in the symmetric and asymmetric case under the constraint (22) . Using the same notation of section II B, one can prove that (assuming η > 1):
This factor is greater than unity, but it is limited to a maximum value of ∆x a /∆x s = 2 for η 1. However, already for η = 3 one can magnify the fall of the beam by 50% with respect to a symmetric configuration of the same length. This can already be a sizeable gain for some specific applications.
From a practical point of view, it can be proven [1] , that the relative uncertainty σ a /a with which the acceleration a can be measured by detecting a shift ∆x in a fringe pattern with period d 3 and contrast C reads:
where N is the number of data points forming the pattern, which depends on the beam intensity and the efficiency of the detector. Furthermore, the contrast is mainly influenced by the longitudinal velocity spread of the incoming particles. For a non-monochromatic beam the intensity pattern is easily recovered by integrating over the speed distribution (see [6] and references therein). The result is in general a loss in visibility that depends on the width of the velocity distribution (see section IV). The chosen Talbot-Lau configuration directly influences the inertial sensitivity via the relative displacement ∆x/d 3 , where we recall that d 3 is the period of the interference fringes. It is thus useful to derive an expression for the ratio in the two cases of our interest. Starting from the asymmetric setup, defined by the resonance conditions (19b) and (20) we have
(26) The last equality follows from simple substitutions and algebraic manipulations using equation (21), the resonance conditions and the definitions of the Talbot length
2 /λ and of the de Broglie wavelength. We introduced T (TOT) for the total flight time from the first grating to the detection plane, namely L (TOT) /v. On the one hand, equation (25) tells that to improve the sensitivity, the relative displacement ∆x/d 3 should be maximised. On the other hand, equation (26) shows that this quantity increases monotonically with the total flight time, as expected, but also that it tends to zero as η 1. We can physically motivate the dependence of Eqs. (26) and (27) from the particle mass: for a fixed total interferometer length and longitudinal speed v, any particle subjected to the same acceleration a, will undergo the same transverse displacement, according to equation (15) . However, the heavier the particle, the smaller its de Broglie wavelength would be, thus leading to shorter periods for the two gratings and for the resulting fringe pattern. Following this line of reasoning, the ratio ∆x/d 3 is expected to increase with the particle mass.
The relative displacement for the symmetric setup instead reads:
First we remark that it does not coincide with the result of equation (26) for η = 1. This is a consequence of the fact that the two configurations belong to two different sets of resonance conditions with different relevant Talbot coefficients, as discussed in section II. As a matter of fact the "asymmetric configuration with η = 1" differs from the standard symmetric setup because d 1 = 2d 2 in the former, whereas d 1 = d 2 in the latter; as required by (19b). Even in this case we have ∆x a /d 3,a < ∆x s /d 3,s at the same total length, so we see that the asymmetric setups we studied always provide a smaller relative displacement in the presence of a constant acceleration. This property, according to equation (25) can be a disadvantage if the aim is to measure the acceleration a with great accuracy. However, in some realistic experimental situations it may be preferable to have a larger absolute displacement at the expense of the relative shift (for instance, due to the finite detector resolution). (26) and (27) (assuming arbitrary units in which a = h = m = T (TOT) = 1). It is apparent that the asymmetric setup always provides a smaller relative displacement under the acceleration a. The absolute displacement is, however, always larger, as shown in the bottom panel. A smaller relative displacement is not desirable for inertial measurements, but also implies a reduced sensitivity to external disturbances. Generally the best trade off has to be found depending on the specific experimental application.
A comparison of Eqs. (26) and (27) suggests that the impact of random external perturbations on the pattern visibility is effectively reduced by using a magnifying setup of the same length. An example is the Lorentz force acing on charged particle due to stray electromagnetic fields [6] . To summarise the results of this section, Figure 5 displays the scaling with η of the parameters we studied.
A. Comparison with moiré deflectometers
A moiré deflectometer, as described in [3] , is a twograting setup completely analogous to the one shown in Fig. 1 . The crucial difference is that the grating periods d (m) and the length L (m) are chosen to satisfy the constraint [6] :
Therefore, quantum diffraction is negligible. We introduced the superscript (m) to denote the grating periods and length of the classical configuration. Equation (28) L. However, since we are interested in inertial sensing application and the fringe displacement strongly depends on the length, in the following we always assume that the first route is taken when comparing the two devices.
For this reason, a moiré deflectometer will always produce a fringe system with a larger period than the TalbotLau setup of the same length tuned for the same particle beam.
We now derive in very simple terms the main features of the classical fringe pattern in the presence of an external acceleration a. Let us suppose that the incoming particle with speed v starts with a transverse position and speed (x 0 , v 0 ), on a plane located at a distance L s = vT s before the first grating. From the laws of uniformly accelerated motion it is then straightforward to write the following system of equations:
(29) Where x 1 , x 2 , x 3 are the x-positions of the particle on the plane of G 1 , G 2 and the detector respectively, T 1 and T 2 being the corresponding times of flight. After some algebraic manipulations we can eliminate the dependence on x 0 and v 0 , solving for x 3 as a function of x 2 and x 2 :
It is worth noting that equation (30) does not depend on the initial conditions x 0 and v 0 : only the dynamics after the first grating are relevant. The same expression could have been obtained by assuming initial conditions on the plane of x 1 . One also sees that the displacement due to a is the sum of two contributions depending on both times of flight, as expected since the force acts in both regions. Equation (30) must be coupled with the requirement that the intermediate arrival positions onto the gratings are contained in the support of the gratings transmission function. To get an intuitive picture we implement this requirement by the simple replacements
that constrain the x-positions to be exact multiples n and m, respectively, of the grating periods. This substitution, together with T 2 = ηT 1 yields:
A physically interesting periodic pattern arises if the grating periods and η are chosen to cast equation (32) in the form:
, where b is an integer number that depends on m, n and d
is the period of the fringes, generally depending on η. For example, the standard moiré deflectometer, defined by d
and η = 1 is a suitable choice. However, we observe that also by using the asymmetric resonance conditions (19b) we obtain the following expression
meaning that the final position is a multiple of d
1 . As we anticipated, the last line shows that period magnification and a-dependent fringe displacement have the exact features in the classical and quantum description of the setup of Fig.1 . Given this similarity, all the considerations made about the sensitivity (see equation (25)) remain valid. An important remark is that all other parameters being equal, the requirement d However, the properties of the quantum and classical fringe patterns are markedly different. For example in the moiré deflectometer the visibility is independent of the particle energy [6] , as also shown in section IV. This is why we carefully referred to the output of the moiré deflectometer as geometrical shadow patterns, in contrast with the genuine quantum interference fringes of a Talbot-Lau interferometer.
IV. NUMERICAL ANALYSIS
In the Talbot-Lau interferometer, the parameters C and ∆x appearing in equation (25) for the inertial sensitivity, strongly depend on the longitudinal speed distribution P (v) of the particle beam. This section is devoted to a numerical analysis of this dependence.
For definiteness, we will assume that the function P (v) is a Gaussian with variance σ 2 v . Hence we can write the general expression:
where C(σ v ) is the contrast, ∆x eff (σ v ) is an effective displacement and the subscript NM recalls that it applies to non-monochromatic beams. As Eqs. (11) and (2) suggest, the intensity for a non-monochromatic beam in the presence of an external force has the general structure:
where ∆x(v) and I(x|v) are given by Eqs. (15) and (11) respectively, and we highlighted the parametric dependence on v for clarity. Since there is a dependence on the integration variable both from the argument and in the functional form of I(x), the second equality is in principle an approximation. The effective displacement ∆x eff we just introduced, is what contributes to the sensitivity of the apparatus in Eq. (34), and depends on σ v (see Appendix B for more details). The intensity factor N , can always be defined as N = MT int , where M is the beam intensity at the detector and a T int is the integration time. As we will show, the visibility of a Talbot-Lau pattern is very sensitive to the v-distribution, so in many realistic particle beams, a velocity selection could be needed. In these cases the factor M (and in turn N ) depends on σ v as well, and the best trade-off between visibility (decreasing with σ v ) and statistics (increasing with σ v ) has to be found. Since this study is specific to each experimental situation, in the following we only focus on the functions C(σ v ) and ∆x eff (σ v ).
A. Results
Numerical integration of equation (35a) has been performed on a discrete set of points, with a standard normal speed distribution
for a certain range of σ v , and the Talbot-lau setups analyzed are at resonance for the mean speed v . We have chosen realistic parameters for an experiment with positronium (Ps) atoms subjected to the gravitational acceleration a = g = 9.81 m s −2 , over a distance L (TOT) = 1 m. See Appendix B for a detailed discussion on the methods and the motivations behind this choice. We also considered the dependence on the open fraction f of the gratings, since the form of the Talbot coefficients indicates that not only the visibility generally depends on f , but also that the behaviour of the asymmetric and symmetric setups can be very different for certain values of f . In particular, Fig. 2 suggests that at f ≈ 50 % the asymmetric setups could provide an advantage in the visibility. This property is confirmed by our simulations and is physically relevant: in applications where the beam intensity is low (e.g. the inertial sensing of antimatter beams), it is most desirable to employ large open fractions (f > 30 %), in order to maximise the flux.
We calculated the contrast C of the intensity patterns via Eq. (17) and the result is shown in Figures 6 and 7 , alongside the visibility of the relevant moiré setups for comparison.
In Fig. 6 we have set f = 0.3 = 30 %, and we can see the asymmetric (η = 2) configuration provides a higher visibility than the symmetric setup of the same length. This is a consequence of the fact that it is based on a 
Symmetric f = 30% Aymmetric f = 30% Classical moiré f = 30% Figure 6 . Visibility, defined in equation (17), as a function of σv/ v . The symmetric setup has d1 = d2 = 476 µm, f = 0.3, L = 0.5 m, and a = 9.81 ms −2 , whereas the asymmetric setup is defined by d1 = 1.5d2 = 476 µm, η = 2 and L = 0.33 m. These parameters are resonant for a v = 800 ms −1 Positronium atom (see Appendix B). For comparison we also include a symmetric moiré setup of the same length with d1 = d2 = 800 µm. We note that in equation (11) only the dimensionless ratios of the grating periods and the parameter LT /L ∝ v appears, so the results on the visibility are general and do not depend on the chosen parameters.
lower order resonance (q = 1). In the highly monochromatic case (σ v / v = 1%) both setups match the classical visibility of the moiré setup, which is close to unity at this open fraction. As anticipated, there is no dependence on the speed distribution in the classical case.
In Fig. 7 we set the open fraction to f = 50% and perform the same comparison of Fig. 6 . However, the period of the symmetric setup has been adjusted to satisfy the appropriate maximum visibility condition at f = 50 %, that is L/L T ≈ 1.33 (see Fig. 2 ). In this situation the asymmetric setup provides a more sizeable advantage in visibility, also compared to classical moiré deflectometers with f = 50 % and f = 40 %.
While the qualitative features just highlighted are of general validity, we now want to make our description more specific, by considering positronium interferometry and accounting for its finite lifetime τ . The longer lived spin triplet ortho-positronium state has a lifetime τ 0 = 142 ns [27] in its ground state, and to devise a Talbot-Lau configuration yielding a measurable displacement under the gravitational acceleration for such a short lived particle is impossible. However the use of excited states of Ps is feasible and has been proposed for this purpose [28] [29] [30] . In particular, for high-n Rydberg states [31] , the lifetime scales as τ ∝ n 2 l 3 with n and l being the principal and angular quantum numbers respectively, so it is in principle possible to reach lifetimes of the order of τ ≈ 500 µs. We take the finite lifetime into account by Most importantly, we observe that the asymmetric TalbotLau setup provides considerably higher contrast than the symmetric setup, for which the value f = 50% is particularly critical, in analogy with the classical deflectometer [3] (see also Symmetric Aymmetric Symmetric τ = 500 µs Aymmetric τ = 500 µs Figure 8 . Relative displacement ∆x eff /d3 for the same TalbotLau configurations described in Fig. 6 . Both for ideal stable particles, and with a finite lifetime τ = 500 µs that alters the effective speed distribution (see the text for details).
assuming that atoms decaying before the detector plane (see Fig. 1 ) are not detected. We analysed the relative displacement ∆x eff /d 3 , both in the presence and in the absence of decay, focusing on the f = 30% case (the inertial displacement is unaffected by f ). As seen in Fig. 8 the symmetric setup provides a larger relative displacement by the factor ≈ 1.3 predicted by Eq. (24) for η = 2. We also observe that, for the symmetric case in particular, there is a sizeable dependence of the effective displacement on σ v . This has a physical origin in the fact that, although the maximum variance σ v has been carefully chosen (see appendix B), as the speed distributions widens the contribution from the slower particles starts to dominate. If one calculates the mean value of the displacement ∆x(v) ∝ 1/v 2 , equation (15) for the distribution (36), a parameter that strongly correlates with ∆x eff , the same rise appears as a function of σ v . The disappearance of this increase when the particles decay confirms this conclusion: the exponential decay with lifetime τ produces an effective speed distribution P eff (v), different from the one the atoms were initially produced with, namely P (v). This function has the following form:
it is peaked on a higher speed than v , and it the slower end of the spectrum is suppressed.
V. CONCLUSION AND FINAL REMARKS
To summarise our results, we compare the inertial sensitivity of the four Talbot-Lau configurations we considered, namely the asymmetric η = 2, L (TOT) = 1 m configuration, and the symmetric setup of the same length, at resonance for positronium atoms at v = 800 m/s. We considered in both the cases two values of the open fractions: f = 30% and f = 50% and set the grating periods to achieve the maximum visibility, using the results of section II. The parameter f , in addition to the visibility, also affects the particle flux. In particular it is reasonable to assume that the intensity is proportional to the square of f , namely N = f 2 N 0 . Thus we can define a significant estimator for the inertial sensitivity as:
where σ a /a is defined by equation (34), performing the substitution N = f 2 N 0 . The impact of the open fraction is thus taken into account. In Fig. 9 , we plot the function (38) in the absence of decay, that is, for purely Gaussian speed distributions. We can see that throughout most of the σ v range, the best performing configuration is the asymmetric f = 50% configuration. Moreover, the inertial sensitivity is not the only figure of merit to be considered: the asymmetric setup also provides a larger absolute displacement ∆x eff and interference fringes period d 3 by a factor 2η/(η + 1), and √ 2η respectively (see Eqs. (24) and (22)). These parameters are always relevant when a finite experimental resolution is taken into account. These considerations are of general validity and do not strictly depend on our choice of parameters: due to their more regular behavior (see Fig. 2 and the associated discussion), asymmetric setups can employ higher open fractions, while still matching the visibility of the symmetric setup. This family of resonance conditions were known to exist for the Talbot-Lau interferometer [8, 18] , but were never studied in detail especially with respect to their inertial sensing capabilities. As a result of our theoretical and numerical analysis, we conclude that the asymmetric Talbot-Lau setups can be very useful, in realistic experimental contexts, to find the optimal compromise between inertial sensitivity, raw statistics, absolute inertial displacement as well as the period of the interference pattern. 
Fit function
Exact a=g Exact a=0 Figure 10 . Example result of the fit procedure outlined in Appendix B. In particular for the case σv/ v = 0.3 and the asymmetric configuration also described in sec IV. The box shows a detail of the portion around the peak to highlight the very small displacement of the interference pattern due to the gravitational acceleration with respect to the reference pattern with a = 0 (with the chosen parameters ∆x eff = 4 µm). It is also evident the good agreement between the fit function, Eq. (35b), and the intensity (35a).
We focus on a mean speed v = 800 m/s, corresponding to a de Broglie wavelength λ = 454 nm, furthermore we set a total interferometer length L (TOT) = 1 m, so that the expected fringe displacement due to the gravitational acceleration on the Earth surface is of the order of a few microns. The chosen velocity distribution is a Gaussian normal (36), whose variance σ 2 v has been chosen so that v − 3σ v > 0, and the Gaussian function is not truncated, to a very good approximation. Therefore in the plots of section IV, we are always comparing distribution of the same functional form.
Our focus was set on two configurations: a symmetric setup (19a) with d 1 = d 2 = 476 µm, and an asymmetric setup (19a) with d 1 = 1.5d 2 = 476 µm and η = 2. We chose this low magnification setup because, according to Eq. (26) (see also Fig. 5 ), the relative displacement of the asymmetric configuration is decreasing with η. As a matter of fact, we chose a particularly challenging case where the relative gravitational displacement is very small (∆x/d 3 < 1%), due to the small mass of the positronium atom (see Eq. (26)). For different experimental conditions (e.g., heavier atoms), the smallness of the relative displacement are not a stringent constraint, and it might be useful to employ also high magnification setups.
To obtain the data in Fig. 6 , a simple Monte Carlo simulation of a moiré deflectometer has been used. It is based on a direct calculation of the particles trajectories using the classical Eq. (29), taking into account the transmission properties of the gratings.
